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Abstract. Incompressible smoothed particle hydrodynamics method has been used to
simulate the migration of a two-dimensional rigid disc in Couette flow in presence of an
external electric field. The electric field is perpendicular to the moving walls. The results
show that the trajectory of the disc is affected by the electrical properties of fluid and
solid.
1 INTRODUCTION
The interaction of a solid body with a fluid environment is one of the most common flow
features in nature and industry. When exposed to an external electric field, the motion
of the solid may undergo significant changes. Migration of rigid discs in Couette flow
has been the subject of many studies [1–3]. On the other hand, the rotation of spherical
bodies in electric field known as Quincke rotation [4], has attracted much attention [5, 6].
It is known that a particle laden fluid may exhibit changing viscosity when exposed to an
external electric field [7, 8]. This behavior is attributed to changing motion of particles
due to the electric field. However, a fully resolved simulation of a disc migrating in electric
field has not been conducted.
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In this study, a two-dimensional Incompressible Smoothed Particle Hydrodynamics
(ISPH) scheme is used to simulate the motion of a rigid disc in Couette flow subject to an
external electric field [9]. Solid and fluid phases are modeled as leaky dielectric materials
[10] while the electric field is taken to be perpendicular to the moving walls and in-plane
with the flow. Numerical simulation of a single disc placed off-center in Couette flow
is carried out and the results are validated against literature data in the absence of an
electric field. Then the same case at different electric permittivity and conductivity ratios
is simulated and compared to the case with no electric field. The results show that when
the conditions for Quincke rotation are satisfied, the disc’s migration toward the channel’s
center is hindered, in agreement with experiments [11].
2 GOVERNING EQUATIONS
Equations governing an incompressible flow subject to an external electric field may
be written in dimensionless form as







∇ · τ + 1
Ei
f(e), (2)
where u is the velocity vector, p is pressure, ρ is density, t is time and D/Dt = ∂/∂t+u ·∇






where µ denotes viscosity and superscript † represents the transpose operation. f(e) is




E · E∇ε+ qvE. (4)
Here ε denotes electric permittivity, qv is is the volume charge density near the interface
while E is the electric field vector. Assuming small dynamic currents and neglecting
magnetic induction effects, the electric field is irrotational [12] and may be represented
by gradient of an electric potential ϕ, E = −∇ϕ. Further assumption of fast electric
relaxation time compared to viscous relaxation time leads to the following relations for
electric potential and charge density
∇ · (σ∇ϕ) = 0, (5)
qv = ∇ · (ε∇ϕ) , (6)
where σ is the electrical conductivity.
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Dimensionless values are formed using the following scales
x = x∗/a, ρ = ρ∗/ρf , u = u
∗/Ga, t = t∗G, (7)
E = E∗/E∞, ϕ = ϕ
∗/E∞H, p = p
∗/ρf (Ga)
2 ,
R = ρs/ρf , M = µs/µf , P = εs/εf , C = σs/σf , D = a/H










Here E∞ is the undisturbed electric field intensity, H is the distance between electrodes,
G is the shear rate and a denotes disc radius (figure 1-a). An asterisk marks dimensional
variables whereas subscripts s and f denote fluid and solid phases, respectively.
To distinguish between different phases, a color function ĉ is defined such that it as-
sumes a value of zero for one phase and unity for the other. The color function is then







to ensure smooth transition between the properties of each phase when used for their
interpolation. Here, ψi =
∑Jn
j=1 Wij, is the number density of SPH particle i, calculated
as the sum of interpolation kernel of neighboring particles i and j over all neighbors of
particle i, Jn. Interpolation kernel, W (rij, h), is a function of the magnitude of distance
vector, rij = ri−rj, between particle of interest i and its neighboring particles j and h, the











where χ may denote density, viscosity, permittivity or conductivity [15].
All phases are treated as liquids initially while additional rigidity constraints are im-
posed in solid region [9]. To this end we use the current velocity of the solid particles to













uj × rjs, (11)






s × ris. (12)
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Here, ris = ri − rs where rs denotes the solid object’s center of mass, Js is the number of
particles present in the solid phase and Is is the solid object’s moment of inertia about
its center of mass.
A predictor-correcter scheme is employed to advance the governing equations in time
using a first-order Euler approach with variable timestep according to Courant-Friedrichs-
Lewy condition, ∆t = CCFLh/umax, where umax is the largest particle velocity magnitude
and CCFL is taken to be equal to 0.25. In the predictor step, equations (5) and (6) are
solved to obtain f
(n)
(e) through equation (4). Then position, velocity and number density































where starred variables represent intermediate values and superscript (n) denotes values
at the nth time step. The artificial particle displacement vector in equation (13), δri, is
defined as in [16] and a constant value of 0.06 is used.
Using intermediate values, pressure at the next time step is found by solving the Poisson
equation. This is then followed by corrections in position and velocity of the particles,




































In these equations, the rigidity constraints (equations (11) and (12)) are implemented
after each velocity update.
Boundary conditions are enforced through the MBT method described in [17] while









































Figure 1: (a) Schematic of the test case. (b) Closeup view of initial particle distribution at the vicinity








is a corrective second rank tensor that eliminates particle inconsis-





















In this study, migration of a neutrally buoyant rigid disc in plane Couette flow is
simulated. When released from a distance h from the middle of the channel, it is expected
that the disc will migrate toward the centerline while moving with the flow for Re ≤ 2
[1, 18]. A schematic of this case is provided in figure 1-a. Computational domain consists
of an 8 × 32 rectangle discretized by 13806 particles initially arranged in a Cartesian
grid for fluid and concentric circles for the solid [9]. A close-up view of the particle
arrangement at the vicinity of the solid disc is provided in figure 1-b. The confinement
ratio is D = 0.125 while the disc is placed at h/H = 0.25 below the centerline. Top
and bottom walls abide by no-slip condition and are moving in opposite directions at a
velocity of Uw/2 where Uw = GH. Periodic boundary condition is imposed in streamwise
direction. Using a viscosity ratio of 100 [9] the results are compared to literature data
in the absence of electric field at Re = 0.625. Figure 2 shows the vertical position of the
disc versus time. As it is seen, the results of the current simulation are in good agreement
with the results found in [1–3].
When exposed to an external electric field, the motion of the disc may be altered
depending on the properties of the fluid and solid. To investigate the effects, Ei is set to
Re/4 to provide a large enough electric force while Re is kept equal to 0.625. A constant
electric potential difference of ∆ϕ = E∞H is imposed between the moving walls, resulting
in an electric field perpendicular to the flow, while periodic boundary condition is imposed
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Figure 2: Comparison of the vertical position of the disc’s center of mass versus time in the absence of
electric field.
in streamwise direction. Permittivity and conductivity ratios are individually varied as
0.2, 0.5, 2 and 5 (table 1). When P = C, the leaky dielectric model is reduced to the
perfect dielectric model. As such, equal permittivity and conductivity ratios are avoided
here. Figure 3 plots the trajectory and velocity of the disc for the case without electric
field and for (P , C) pairs of (0.2, 5) and (5, 0.2). The disc in case (0.2, 5) is accelerated
toward the centerline while in case (5, 0.2) it is moved toward the wall. Case (5, 0.2)
is solved until the disc touches the bottom wall. Defining τ = ε/σ as the electric time
scale, the necessary condition for Quincke rotation is τf < τs [6]. The configuration of
electric forces in case (5, 0.2) is such that the condition for Quincke rotation is satisfied.
This results in an angular moment that assists the rotation of the disc in the flow. On
the other hand, case (0.2, 5) has reduced angular velocity compared to the case with no
electric field. Normal velocity becomes zero when disc hits bottom wall or reaches the
channel centerline.
Table 1 provides the time until the disc comes to one radius distance of the bottom
wall or the channel center. Bold numbers show that the disc approaches the bottom
wall. The disc reaches the channel center at t∗G = 25.94 when no electric field is applied.
When τf > τs (lower triangle), the disc travels faster toward the channel center while
when τf < τs (upper triangle) the disc travels slower toward the channel center or moves
toward the channel wall. Such observations are reported in experiments as well [11].
As it is seen, increasing the permittivity ratio at a constant conductivity ratio results
in a gradual increase in the time needed for the disc to reach the channel center. At
large enough permittivity ratios the trajectory is reversed and the disc migrates toward
the channel wall. At this point, further increase of the permittivity ratio results in a
6
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Figure 3: Comparison of the vertical position (a) and vertical velocity (b) of the disc’s center of mass
versus time.
Table 1: Time until the disc reaches one radius distance of channel center (regular) or bottom wall
(bold). The disc reaches channel center at t∗G = 25.94 when no electric field is applied.
P 0.2 0.5 2 5
C
0.2 - 80.05 19.18 13.34
0.5 17.79 - 44.89 29.37
2 13.49 17.18 - 33.59
5 13.81 16.89 24.07 -
faster migration toward the channel wall. The inverse of this trend is observed when the
permittivity ratio is kept constant and the conductivity ratio is increased.
4 CONCLUSION
In this paper, we use ISPH to simulate the migration of a rigid disc in Couette flow
under external electric field. The results of the case without electric field are compared
to literature data and good agreement is observed. Further simulations are carried out
at different permittivity and conductivity ratios and the results are compared to the
case with no electric field. When the electric field augments the rotation of the disc, its
motion toward the center of the channel is hindered. At large enough ratios, this results
in complete reversal of the motion as the disc approaches the channel wall. Conversely
the disc moves faster toward the center when its angular motion is hindered.
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